Abstract-When multiple industrial robots are deployed in field applications such as grit blasting and spray painting of steel bridges, the environments are unstructured for robot operation and the robot positions may not be arranged accurately. Coordination of these multiple robots to maximize productivity through area partitioning and allocation is crucial. This paper presents a novel approach to area partitioning and allocation by utilizing multiobjective optimization and voronoi partitioning. Multiobjective optimization is used to minimize: (1) completion time, (2) proximity of the allocated area to the robot, and (3) the torque experienced by each joint of the robot during task execution. Seed points of the voronoi graph for voronoi partitioning are designed to be the design variables of the multiobjective optimization algorithm. Results of three different simulation scenarios are presented to demonstrate the effectiveness of the proposed approach and the advantage of incorporating robots' torque capacity.
INTRODUCTION
Effectively partitioning the surface area of a workpiece and appropriately allocating partitioned sections amongst industrial robots is necessary to maximize the productivity of robots for tasks such as grit-blasting and spray painting in field environments. Partitioning and allocation can be mainly carried out on overlapped areas where the robots share their workspace. That is, the surface areas that can be reached by two or more of the deployed industrial robots. The aim of partitioning and allocating overlapped surface areas can be to minimize the completion time of the task and increase productivity. The capabilities of each individual robot including speed and the properties of the tool attached to its end-effector need to be considered. Ideally partitioning and allocation is carried out in a manner that will improve the torque condition of the robot's joints during the execution process.
Researchers have developed numerous algorithms which enable the collaboration between multiple industrial robots to carry out a task. The collaboration between robots should incorporate aspects such as collision avoidance, coordinated motion, and path planning. The use of bounding volumes such as bounding boxes [1] , spheres [2] , and ellipsoids [3] can be used to represent industrial robots in the collision checking process utilized in collision-free motion planning methods [4] . Coverage path planning (CPP) which is required for tasks such as grit blasting and spray painting ensures complete coverage by creating a path that passes through all points representing an area or volume. Readers are advised to refer to [5] for a comprehensive survey on the recent CPP methods.
Effective area partitioning and allocation can play an important role in maximizing the effectiveness of the aforementioned collaboration tasks. Numerous research work related to partitioning a given area into sections is available. Researchers have explored convex decomposition to break down a complex area into a number of sections. Lien and Amato [6] proposed a method for decomposing a polygon which contains holes. Some researchers have used polygon decomposition in multiple-robot workspace division. For example, a cooperative search method by multiple UAVs in an unknown environment which incorporates convex polygon decomposition is presented in [7] . Hert and Lumelsky [8] studied the terrain-covering problem by multiple robots. In their paper, terrain-covering capabilities of the robots are considered when dividing the area into n polygonal sections. Each polygonal section is visited once by one of the n available robots. Another method for partitioning an area is grid graph bisection method which iteratively divides the area into sections [9] . A partitioning method called Virtual Door algorithm is presented in [10] , which considers partitioning a large area into numerous smaller rectangular shaped sections. This Virtual Door algorithm is shown to achieve time efficient complete coverage by multiple cleaning robots. These methods partition the areas of interest mainly to carry out the task in a time efficient manner by mobile robots.
In some applications, the area partitioning and allocation method should take into consideration the additional requirements and constraints of the industrial robots. These added requirements may not be present when multiple mobile robots such as floor cleaning robots are carrying out complete coverage tasks. One additional requirement that can be considered is the torque that needs to be provided by each joint of the industrial robot which is dependent on the weight of the 1184 Th37.5 robot, the external force and the robot pose for achieving the acceptable orientation and position of the end-effector. Another requirement is to have the allocated sections from the overlapped surface areas to be as close as possible to their corresponding robots in order to improve maneuverability and reduce the risk of collision between the robots during task execution. Minimal completion time of the task is also a vital requirement which necessitates considering each robot's capabilities such as speed and the properties of the end-effector tool (e.g. the size of a blasting or spray-painting nozzle).
How to effectively partition and allocate overlapped areas of a surface which can be covered by multiple robots while satisfying all the aforementioned requirements and constraints? This question is the main focus of this paper. This problem is most applicable to unstructured environments for one-off tasks. The problem can be modeled as a single objective or multiobjective optimization. Multiobjective optimization approach is beneficial since multiple objectives can be minimized.
The approach presented in this paper makes use of voronoi partitioning to effectively partition areas of a planar surface. Voronoi partitioning has been used in path planning [11, 12] and exploration of unknown environment by multiple robots [13] . The proposed approach in this paper makes use of voronoi partitioning to create voronoi cells on the surface area of a workpiece. The cells are created on surface areas where two or more of the deployed robots can reach with acceptable end-effector poses. For n robots, n voronoi cells are created. The size and shape of each cell are iteratively modified by making the seed points of the voronoi graph to be the design variables in the multiobjective optimization. The aim is to create cells which will result in minimal cost or fitness values. This paper is structured as follows. First, the problem definition which consists of detailed explanation of the problem is given in Section II. Next, the mathematical model is outlined in Section III. Simulation results of three different scenarios starting from a simple scenario to a more complicated scenario where torque and obstacle are taken into account are presented in Section IV. Finally, conclusions and future works are discussed in Section V. Fig. 1 shows an example application scenario where a flat rectangular surface will be grit-blasted or cleaned by two robots. The robots are placed without careful calculation of their base positions. Once a robot is placed, it finds out where the surface is relative to its base position, and then plans the blasting (or painting) path to cover as much of the surface as it can. As a result, the coverage of the two robots may overlap. As shown in Fig.1 , two sections of the surface are highlighted. The first section consists of the specific areas where only one of the robot's end-effector can reach with a valid orientation and position, and the second section is the overlapped area that can be covered by both robots. The partitioning and allocation approach is concerned with the overlapped areas.
Targets are used to represent the surface. The work in [14] explains how the geometric data obtained from sensors during exploration process can be used to create a triangle mesh of the surface and in turn Scale-Like Disc (SLD), which is called target in this paper. Each robot has a set of targets that represent all the overlapped and specific areas of the surface which can be covered by that particular robot. Hence, for n robots, n sets of targets are available. Fig. 1 shows the targets and their centers associated with each robot. The size of a target is determined by considering the properties of the tool attached to the robot's end-effector such as its nozzle size. Density of the targets depends largely on the application. As shown in Fig. 1 , coverage path planning must ensure that the generated paths pass through all targets. At the completion of the partitioning and allocation task, each robot is assigned a subset of targets from the original sets of targets.
The following should be taken into account when partitioning and allocating the overlapped areas: (1) completion time of the task should be minimized, (2) allocated areas should be close to their corresponding robots to reduce the risk of collision between robots and improve the maneuverability of the robots during the task execution process, and (3) the sum of torques experienced by the robots' joints during the execution of the task should be minimized to improve robots' lifespan.
The following are assumed to be the inputs of the model: (1) the targets associated with each robot representing the overlapped and specific areas, (2) the base location of each robot, (3) the robot poses generated by a planner for each target in the overlapped areas, and (4) the capabilities of the robots such as speed and the properties of the end-effector tool. 
III. MATHEMATICAL MODEL

A. Design Variables
The design variables are designed to be the position coordinates of the seed points corresponding to the voronoi cells. Fig. 2 shows how an overlapped area can be partitioned in different ways using voronoi partitioning. Voronoi partitioning divides an area into n number of sections based on the location of the n seed points. The generated sections are called voronoi cells. The targets in each cell are closest to the seed point of that particular cell. Hence, a distance query between the seed points and each target in the overlapped areas is used to determine the cell which a target belongs to. Targets which fall on the boundary of two adjacent cells have equal distances to the seed points of the two cells. It is clear in Fig. 2 that the size of the cells and the targets they consist of can be altered by changing the location of the seed points. Hence, in the optimization, the seed points are designed to be the design variables to reiteratively partition the overlapped areas and ultimately create cells that result in the lowest cost or fitness values. In this paper, Allocated cell refers to the section of the overlapped areas which is allocated to a robot.
For n robots, 2 × n design variables specify the position coordinates of the seed points on a planar surface. That is, for n robots, the design variables are
where seed points ܲ ൌ ሺ‫ݔ‬ ǡ ‫ݕ‬ ሻ for ɿ = 1, 2, … , n, and ሺ‫ݔ‬ ǡ ‫ݕ‬ ሻ are the position coordinates of a seed point ܲ .
B. Design Objectives 1) Objective 1
The first objective is to achieve the minimal completion time and therefore enhance productivity. Efficiency in terms of time is optimal when all robots simultaneously finish their allocated portions of the surface. Simultaneous finish means that all robots have been active throughout the execution process; hence minimal completion time is obtained. It is not always possible to have the robots finish at the same time; however the difference in the completion times of the robots can be minimized. The objective is therefore to minimize the variance, ı 2 of the completion time of the robots. For n robots, the first objective is to minimize
where ݅ is the robot index, ‫ݐ‬ is the completion time of robot ݅, and ‫ݐ‬ is the mean completion time of all robots. The completion time, ‫ݐ‬ can be calculated as
where ‫ݒ‬ is the end-effector speed of robot ݅, ݈ ௩ is the path length of robot ݅ to cover the allocated part of the overlapped area, and ݈ ௦ is the path length of robot ݅ to cover the specific area that only robot ݅ can cover. In applications such as gritblasting and spray painting, the end-effector needs to move at a constant speed relative to the surface. Path lengths ݈ ௩ and ݈ ௦ can be calculated as
and
respectively, where ݀ is the Euclidian distance between the centers of two adjacent target points along the path, ܵ ௩ is the number of targets in the allocated cell, and ܵ ௦ is the number of targets in the specific area associated with robots ݅.
2) Objective 2
Allocated cells should be close to their corresponding robots so that the risk of collision between the robots or a negative effect on the maneuverability of the robots during the execution of the task is minimized. Inappropriate allocation might also result in an undesirable large change in joint angles during the motion due to issues such as restricted reachability and avoiding collision between the robots.
The yellow filled circles in Fig. 3 represent the centroid of the specific areas. Let ‫ܥ‬ ‫א‬ Թ ଶ be the centroid of the specific area associated with robot ݅. The objective is to minimize the sum of distances between ‫ܥ‬ and each target, ܶ ‫א‬ Թ ଶ in the cells allocated to robot ݅ , where ݆ is the target index. The robot's fixed base location can be considered to be ‫ܥ‬ in a situation where specific areas don't exist. For n robots, the second objective is to minimize
3) Objective 3
The sum of torques experienced by the joints of each robot during the task execution should be minimized. Robot's joints might be able to provide the torque required to operate and complete a task, however allocating areas of the surface that will reduce the amount of torque experienced by the robot will help maintain the good condition of the joints. Therefore, the third objective is to minimize the sum of maximum torque ratios during the execution of a task. Torque ratio corresponding to each joint is calculated based on the torque experienced by the joint divided by its torque capacity. Let ܳ ൌ ሾߠ ଵ ǡ ߠ ଶ ǡ ǥ ǡ ߠ ሿ be a pose associated with robot ݅ and target ݆ , where ߠ ଵ to ߠ are the joint angles. Thus, the maximum torque ratio for the pose ܳ is the largest value from all the joints (actuators) of the robot. The third objective is to minimize
where ߬ is the torque experienced by joint ݇ (݇ = 1, 2, … , b ) of robot ݅ due to end-effector force, ‫ܨ‬ and gravitational forces at pose ܳ . ܾ is the total number of joints of robot ݅, and ߬ is the torque capacity of joint ݇ of robot ݅. Since the motion of the robot is slow during the girt-blasting or spray painting process, the torque experienced by each joint is calculated by only taking into account the reaction force applied on the nozzle and the weight of the robot. Poses generated by a path planner which are part of the input to the model are assumed to have considered all the relevant constraints such as the joint angle limits.
IV. SIMULATION AND RESULTS
The Schunk industrial robots (simulated in Fig. 1 ) that are used in a steel bridge maintenance site to carry out grit-blasting are considered for the simulation study in this paper. As shown in Fig. 1 , the end-effector of the robots is equipped with a nozzle. The blasting stream exiting the nozzle aims at and follows the path. The blasting spot of the blasting stream is required to hit each of the targets within a small allowable deviation. For each target in the overlapped area there exists a collision-free robot pose that can correctly position and orientate the nozzle to aim at that particular target.
The work presented in this paper uses the NSGA-II algorithm to carry out the optimization. NSGA-II is a multiobjective optimization algorithm. Readers are advised to refer to [15] for detailed explanation of this algorithm. Multiobjective optimization allows for multiple objectives to be minimized and a set of Pareto solutions to be obtained. Pareto solutions are equally optimal and the selection of the most suitable solution from the Pareto-optimal solutions is dependent on the application. For example, minimal completion time (objective 1) in the grit-blasting application is most important. Hence, a small subset of solutions which have better results in terms of completion time is first chosen from the Pareto-optimal solutions. Then, from the subset of Paretooptimal solutions, a final solution based on minimal torque (objective 3) is selected. Although objective 2 is considered in the optimization; it is not part of the selection strategy of the final solution for the application under consideration.
Three test scenarios are demonstrated in the following subsections, starting from a simple scenario to a more complicated scenario where an obstacle is introduced in the environment and the effect of torque is investigated. The designed simulations are carried out with end-effector speed of 0.1 meters per second for all robots. Notations used in the legend of the figures are, Ri (Robot i), t (completion time in seconds), L (total length of the path, in meters), and d (Euclidean distance between two adjacent targets along a path, in meters). The completion time, t is calculated based on (3), and the total length of the path, L is from (4) and (5). 
A. Simulaion 1 -three robots with common overlapped areas
Assume that the specific and overlapped areas of a surface associated with three robots are as shown in Fig. 3 . The first simulation is used to demonstrate how the proposed area partitioning and allocation approach can result in the minimal completion time and appropriate allocation. Thus, the third objective (torque minimization) is discarded in this scenario. Robot 1 is equipped with the smallest nozzle size and robot 3 with the largest nozzle size and hence, the diameter of the targets associated with each robot is different.
It is clear from the simulation results in Fig. 4 that each allocated cell is closest to its corresponding specific area which is expected due to objective 2. Sum of distances from all the targets in the overlapped areas to the centroid ‫ܥ‬ for robots 1 to 3 is 3.27 (m), 3.86 (m) and 3.03 (m), respectively. The length of the paths for the three robots is approximately the same, however robot 3 is covering a greater portion of the surface since a larger nozzle is used by this robot. Completion times are 18.9 (s), 18.8 (s) and 19.4 (s) for robots 1 to 3, respectively. It is clear that the difference in completion times are insignificant as would be expected. Optimization time for this simulation is 40 (s) using Matlab.
B. Simulation 2 -four robots with different overlapped areas
This scenario is designed to demonstrate the condition at which voronoi partitioning is faced with a problem. To help with demonstrating the problem, only objective 1 (minimal completion time) is used, and assumptions are made in terms of the coverage area for each robot and the size of the targets. Overlapped areas of the robots can be different as shown in Fig. 5 . In this situation, voronoi partitioning may face a problem of incomplete coverage as shown in Fig. 6 . Incomplete coverage is due to the fact that some sections of the allocated cells can't be covered (unreachable) by their corresponding robots. The result is appropriate in terms of the first objective which is minimal difference in completion time of the robots; however clearly this result is unsuitable for the application. This problem can be fixed by further re-allocating the missing sections to other robots that can reach those sections. After performing voronoi partitioning, missing sections are appropriately reallocated to other cells and hence the sizes of the cells are modified prior to evaluating the cost or fitness values. That is, each target in the missing section is appropriately reallocated to another cell with the seed point closest to that particular target. This solution is found to be effective as shown in Fig. 7 . Completion times are 28.3 (s), 28.1 (s), 25.1 (s) and 14.7 (s) for robots 1 to 4, respectively. Since robot 4 can reach a smaller area of the surface, it is preferred that it covers all of its reachable area and minimizes the difference in completion times of the other robots. As expected, simulation result confirms that robot 4 is allocated all of its reachable area. 
C. Simulation 3 -two robots with obstacle in the environment
The purpose of this simulation is to demonstrate how area partitioning and allocation can help with minimizing the sum of torques required by the joints of the robot during the execution of a task. All three objectives are used in this scenario. Fig. 8 shows a flat surface which is 2 meters in length and 1.2 meters in width. It is positioned 1.5 meters above the base of the robots. Both robots are equipped with the same size nozzle and hence, the diameter of the targets is the same.
The result of the simulation is shown in Fig. 9 . The completion time for robot 1 and robot 2 is 203 (s) and 201 (s), respectively. It is clear that the difference in completion time of the two robots is insignificant. Optimization time for this simulation is 98 (s) using Matlab. For comparison, this simulation was repeated without objective 3. That is, minimizing torque was not considered when generating the result shown in Fig. 10 . Both simulations show the same results in terms of completion time; however the first simulation result shown in Fig. 9 will reduce the torque required by the joints of the robots during the execution of the task. Fig. 11 and Fig. 12 illustrate the torque heatmaps of the results shown in Fig. 9 and Fig. 10 , respectively. The torque due to robots' poses is used to generate the torque heatmaps. For each robot pose corresponding to a target, only the maximum torque ratio which is the largest value from all the torque ratios of the joints (actuators) of the robot is taken into account when producing the heatmaps. The darker areas in Fig.  11 and Fig. 12 illustrate large torque regions. It is clear that Fig.  11 shows better results in terms of torque since the selection of large torque regions from the overlapped areas is significantly reduced for robot 1. Minor increase in torque will be experienced by robot 2, however this increase is insignificant. In field environments, occurrence of large torque regions can be due to various conditions. When a robot is working in close proximity to an obstacle such as the one shown in Fig. 8 , large torques could be experienced by the joint of the robot. The cause of the large torque is mainly due to the configuration of the joints of the robot to generate a pose that will avoid collision with the obstacle while simultaneously achieving acceptable end-effector position and orientation. Another cause for large torque regions is the poses generated by the robot to correctly position and orientate the end-effector considering the limited space between the base of the robots and the surface to be blasted. Large torque regions might also be present at the boundaries of the robot's workspace. Objective 3 will help with reducing the allocation of these large torque regions to each of the robots.
V. CONCLUSION AND FUTURE WORK
An approach to effectively partitioning an area of a workpiece and appropriately allocating the partitioned sections amongst industrial robots that are used in field applications such as grit-blasting or spray-painting of a steel bridge was proposed in this paper. The importance of partitioning based on factors such as completion time, torque experienced by robot's joints, and proximity of the allocated section to the robot was demonstrated. A multiobjective optimization model was developed. Voronoi partitioning was implemented by creating voronoi cells in the overlapped areas. The design variables are designed to be the position coordinates of the seed points corresponding to the voronoi cells. Simulation results demonstrated the effectiveness of the approach in terms of the aforementioned factors.
Future works include area partitioning and allocation of a three dimensional and nonplanar surfaces and objects. The effectiveness of the presented approach when incorporating manipulability measure of the industrial robots will need to be examined. Experiments are also required to examine the reliability of the approach on real life scenarios.
